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Abstract
We show that N = 1, D = 4 Einstein-frame supergravity is inconsistent at one loop
because of an anomaly in local supersymmetry transformations. A Jacobian must be
added to the Einstein-frame Lagrangian to cancel this anomaly. We show how the Jaco-
bian arises from the super-Weyl field redefinition that takes the superspace Lagrangian
to the Einstein frame. We present an explicit example which demonstrates that the
Jacobian is necessary for one-loop scattering amplitudes to be frame independent.
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1 Introduction
The component Lagrangian of matter-coupled supergravity can be derived from a superspace
formulation or a tensor calculus [1, 2]. Both approaches inevitably lead to a component theory
in which the gravitational action is of a generalized Brans-Dicke form,
e−1L = −1
2
e−K/3R + · · · . (1.1)
In this expression, e is the vielbein determinant, R is the curvature scalar and K is the Ka¨hler
potential, a function of the scalar fields A∗, A.
The Lagrangian (1.1) leads to a kinetic mixing between the graviton and the scalar fields.
In addition, the kinetic terms of the scalar fields appear in non-Ka¨hler form. It is therefore
convenient and customary to carry out a field-dependent Weyl rescaling of the metric to bring
the Lagrangian into canonical Einstein form. In supergravity, this Weyl rescaling must also
be accompanied by a chiral rotation of the fermions. As we shall see, this rotation gives rise
to an anomalous Jacobian in the supergravity action.
The field redefinitions needed to go to this “Einstein frame” are usually performed in terms
of component fields [1, 2]. This obscures the symmetries of the theory and complicates the
study of anomalies and their consequences. Therefore, in this paper we will use the superspace
approach of [2] to study anomalies in supergravity theories. We will show that:
1. The Einstein-frame field redefinitions can be carried out directly in superspace through
a super-Weyl transformation of the vielbein. The corresponding component-field La-
grangian gives rise to ordinary Einstein gravity.
2. Local supersymmetry transformations in the Einstein frame involve chiral rotations of
the fermions. They are anomalous at one loop.
3. The local supersymmetry anomaly is cancelled by a Jacobian that arises from the transi-
tion to the Einstein frame. This Jacobian is necessary to ensure the quantum consistency
of Einstein-frame supergravity.
4. The anomalous Jacobian can have important physical consequences. For example, it
is necessary to ensure the quantum equivalence of scattering amplitudes computed in
different frames.
This paper is organized as follows. In Section 2 we define super-Weyl transformations and
derive the corresponding Jacobians. In Section 3 we study the transition to the Einstein frame.
We show that one-loop supergravity invariance of the Einstein-frame Lagrangian requires that
a certain superspace Jacobian be added to the bare Lagrangian. In Section 4 we present an
explicit example which illustrates the physical importance of this Jacobian. We summarize
our results in Section 5.
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2 Super-Weyl Transformations
2.1 Classical Level
In this section we study super-Weyl transformations in classical and quantum supergravity.
These transformations will play an important role throughout this paper.
In what follows we use the notation and conventions of [2]. We take the matter-coupled
supergravity Lagrangian to be of the form
L(X) =
∫
d2Θ 2E
[
3
8
(
D¯2 − 8R
)
exp
{
−1
3
(
K(Φ†,Φ) + Γ(Φ†,Φ, V )
)}
+
1
4
Hab(Φ)W
(a)W (b) + P (Φ)
]
+ h.c. , (2.1)
where X = (Φ, V, EM
A) denotes the set of fields in the supergravity Lagrangian, Φ and V
are the chiral and vector superfields, and EM
A is the supervielbein. In this expression, K is
the Ka¨hler potential, P the superpotential, and W (a) the field strength superfield, where (a)
is the index for the adjoint representation.#1 In addition, Hab is the gauge kinetic function,
and Γ is the gauge counterterm which renders the Lagrangian gauge invariant.
In the superspace formalism, supergravity transformations are given by translations in
superspace. Chiral and vector superfields transform as follows,
δSUSYΦ = −ξADAΦ , δSUSYV = −ξADAV , (2.2)
while the vielbein transforms as
δSUSYEM
A = −DMξA − ξBTBMA . (2.3)
In these expressions, the DA are covariant derivatives and the TBMA are the superspace
torsion. The superspace formalism ensures that the Lagrangian (2.1) is invariant,
L(X + δSUSYX) = L(X) , (2.4)
up to a total derivative, under the supersymmetry transformations (2.2) and (2.3).
Super-Weyl transformations are defined as rescalings of the superspace vielbein that pre-
serve the torsion constraints [3].#2 They are parameterized by a chiral superfield Σ. If we
denote the super-Weyl transformed X field as Xˆ, we can write
X = Xˆ + δSWX , (2.5)
#1In this paper, we sometimes omit the spin index α. Therefore W (a)W (b) should be understood as
W
(a)α
W
(b)
α .
#2It is important to distinguish between super-Weyl and super-Weyl-Ka¨hler transformations. The latter
are symmetries of the classical supergravity Lagrangian. A super-Weyl-Ka¨hler transformation is a super-Weyl
transformation, with chiral superfield parameter Σ, combined with a redefinition of the Ka¨hler potential and
superpotential, K → K + 6Σ+ 6Σ†, P → exp(−6Σ)P .
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where δSWX is the super-Weyl variation of X .
To linear order in Σ, the super-Weyl transformations are given by
δSWE = 6Σ E + ∂
∂Θα
(SαE)
δSWΦ = −Sα ∂
∂Θα
Φ
δSW
(
D¯2 − 8R
)
U = −
(
D¯2 − 8R
) (
4Σ− 2Σ†
)
U − Sα ∂
∂Θα
(
D¯2 − 8R
)
U
δSWWα = −3ΣWα − Sβ ∂
∂Θβ
Wα , (2.6)
where U is any real vector superfield of Weyl weight zero, and Sα is defined by
Sα = Θα(2Σ† − Σ)| + Θ2(DαΣ)| . (2.7)
The bar | denotes the θ = θ¯ = 0 component of the superfield.
Note that super-Weyl transformations also induce chiral rotations of the component fermions.
Taking the appropriate components of Eq. (2.6) and re-exponentiating, we find
χ = exp(Σ| − 2Σ†|) χˆ , λ = exp(−3Σ|) λˆ , (2.8)
where χ and λ are the fermions in the chiral and gaugino multiplets, respectively.
In general, super-Weyl transformations are not symmetries of the classical supergravity
Lagrangian. Indeed, substituting the transformed variables (2.6) into the Lagrangian (2.1),
all derivative terms cancel. Nevertheless, a nontrivial Σ dependence remains. At the classical
level, the Lagrangian (2.1) becomes
L(Xˆ + δSWX) =
∫
d2Θ 2Eˆ
[
3
8
(
ˆ¯D2 − 8Rˆ
)
exp
{
−1
3
(
Kˆ − 6Σ− 6Σ† + Γˆ
)}
+
1
4
HˆabWˆ
(a)Wˆ (b) + exp(6Σ)Pˆ
]
+ h.c. , (2.9)
where the hatted objects are evaluated using the Weyl-transformed fields. The Ka¨hler and
superpotential are different, so the Lagrangian (2.1) is not invariant.
2.2 Quantum Level
We are now ready to discuss the anomalous Jacobian associated with a given super-Weyl
transformation. A proper framework is provided by the one-particle-irreducible (1PI) effective
Lagrangian L1PI, defined by∫
d4x L1PI(XC) = −i log
[ ∫
[dXQ] exp
(
i
∫
d4x Lbare(XC +XQ)
)]
. (2.10)
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Here Lbare is the bare Lagrangian, and XC and XQ are classical and quantum parts of the X
field, respectively.
In general, super-Weyl transformations are anomalous; they have a mixed super-Weyl-
gauge anomaly.#3#4 Anomalies generate a set of non-local terms in the 1PI effective action
[5]. For the case at hand, the one-loop anomaly-induced terms are [6, 7],
∆L = − 1
256π2
∫
d2Θ 2E W (a)W (a) 1
✷
(
D¯2 − 8R
) [
4(TR − 3TG)R† − 1
3
TRD2K
]
+ h.c. ,
(2.11)
where we have omitted a term from the sigma-model anomaly that is irrelevant for our
discussion. In Eq. (2.11), TG is the Dynkin index of the adjoint representation, normalized
to N for SU(N), and TR is the Dynkin index associated with the matter fields. A sum over
all matter representations is understood. The first term, which contains the R† superfield,
arises from the superconformal anomaly. It is proportional to the beta function coefficient,
b0 = 3TG − TR. The second term expresses the Ka¨hler anomaly [6, 7].
The variation of ∆L can be computed by considering a super-Weyl transformation with
superfield parameter Σ. Under such a transformation, the superfield R changes as follows,
δSWR = −2(2Σ− Σ†)R − 1
4
D¯2Σ† . (2.12)
This induces a shift by Σ in the R† term in Eq. (2.11). A second shift comes from replacing
K by Kˆ − 6Σ− 6Σ†. These two shifts induce the following change in ∆L,
∆L → ∆L + LJ , (2.13)
where
LJ = 1
16π2
(3TR − 3TG)
∫
d2Θ 2E ΣW (a)W (a) + h.c. (2.14)
The Lagrangian LJ can be interpreted as the superspace Jacobian that arises from the super-
Weyl transformation (2.5). (Note that the imaginary part of Σ| corresponds to the Jacobian
from the anomalous U(1)R transformation.)
The nonvanishing Jacobian implies that the functional measure is not invariant. It trans-
forms as follows under an arbitrary super-Weyl transformation:
[dΦ][dV ] = [d(Φˆ + δSWΦ)][d(Vˆ + δSWV )] = [dΦˆ][dVˆ ] exp
[
i
∫
d4x LJ
]
, (2.15)
The super-Weyl-rescaled 1PI Lagrangian is then
exp
[
i
∫
d4xL1PI
]
=
∫
[d(Xˆ + δSWX)] exp
[
i
∫
d4x Lbare(Xˆ + δSWX)
]
#3It also has a mixed super-Weyl-gravity anomaly. We ignore the gravity anomaly here.
#4For a discussion of supergravity anomalies in the compensator formalism, see [4].
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=
∫
[dXˆ ] exp
[
i
∫
d4x
{
Lbare(Xˆ)|Kˆ→Kˆ−6Σ−6Σ†, Pˆ→e6ΣPˆ + LJ
}]
=
∫
[dXˆ ] exp
[
i
∫
d4x Lˆbare(Xˆ)
]
, (2.16)
where
Lˆbare(Xˆ) ≡ Lbare(Xˆ + δSWX) + LJ = Lbare(Xˆ)|Kˆ→Kˆ−6Σ−6Σ†, Pˆ→e6ΣPˆ + LJ . (2.17)
In these expressions, Lˆbare is the bare Lagrangian for the quantum theory with super-Weyl-
rescaled variable Xˆ. The bare Lagrangian does not contain the anomaly term ∆L, which arises
from integrating out the massless quantum fields. It does, however, contain the Jacobian LJ.
As we will see, LJ is important for ensuring the quantum consistency of supergravity in the
Einstein frame.
3 Einstein Supergravity
3.1 The Einstein Frame
In this section, we find the field-dependent Weyl rescaling that takes the “supergravity frame”
Lagrangian of Eq. (2.1)
e−1L = −1
2
e−K/3R + · · · (3.1)
into the Einstein frame. In the literature, this rescaling has traditionally been done in terms
of component fields [1, 2]. Here we perform the transformation in superspace. This allows us
to keep better track of the symmetries of the theory.
The relevant superfield rescaling is, as we will see below, a super-Weyl transformation
with transformation parameter ΣE,
LE(X) =
∫
d2Θ 2E
[
3
8
(
D¯2 − 8R
)
exp
{
−1
3
(
K − 6ΣE − 6Σ†E + Γ
)}
+
1
4
HabW
(a)W (b) + exp(6ΣE)P
]
+ h.c. , (3.2)
where we have omitted all “hats” in the above equation. (Here and hereafter, all quantities
should be understood as being defined in the frame obtained after the super-Weyl transfor-
mation, unless specified otherwise.)
The parameter ΣE can be found by demanding that K−6ΣE−6Σ†E have no lowest, Θ and
Θ2 components since this combination appears in the exponent of the first term in Eq. (3.2).
To see, for example, why (K − 6ΣE − 6Σ†E)| must vanish, note that Eq. (3.1) involves the
lowest component of e−K/3. If the lowest component of this term is scaled to 1, the factor
e−K/3 is absent and gravity is canonically normalized. The other two conditions lead to a
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canonical kinetic term for the gravitino, and to canonical Ka¨hler kinetic terms for the matter
multiplets.
The conditions on ΣE are, therefore,
K| = 6ΣE|+ 6Σ†E| , (DαK)| = 6(DαΣE)| , (D2K)| = 6(D2ΣE)| , (3.3)
or the vanishing of the lowest, Θ and Θ2 components of K − 6ΣE− 6Σ†E. The Einstein frame
conditions (3.3) almost completely determine the parameter ΣE,
ΣE = AΣ +
√
2ΘχΣ + Θ
2FΣ , (3.4)
with
AΣ =
1
12
K + iφ , χΣ =
1
6
Kiχ
i , FΣ =
1
6
KiF
i − 1
12
Kijχ
iχj , (3.5)
where the subscript i on K denotes the derivative with respect to Ai (Ki ≡ ∂K/∂Ai), and
F i is the highest component of Φi. Note that the conditions (3.3) do not completely fix ΣE;
the imaginary part φ of its lowest component is left undetermined. Also note that Γ does not
contribute to the conditions (3.3): we assume that a field redefinition is performed so that the
matter fields are in the Wess-Zumino gauge, where Γ has no lowest, Θ and Θ2 components.
With the above ΣE, it is not hard to find the component Lagrangian. If we substitute
Eq. (3.4) into (3.2), all terms leading to non-Einstein gravity vanish. The rest of the com-
ponent Lagrangian can be readily evaluated and gives the well-known Einstein supergravity
Lagrangian with canonical kinetic terms. The complete expression for the Lagrangian is
given in [1, 2]. We have seen that the component Lagrangian can be directly obtained from
superspace, without any extra Weyl rescalings of the component fields.
Let us now show that we can safely set the field φ to zero. This field appears in the kinetic
terms of the matter and gauge fermions,
e−1Lkin = −iKij∗ χ¯j∗σ¯a
[
∂a +
i
6
ba − 1
6
(
Kk∂aA
k −Kj∗∂aAj∗ − 12i∂aφ
)]
χi
−iλ¯σ¯a
(
∂a − i
2
ba
)
λ . (3.6)
(We omit terms with spin, sigma-model, and gauge connections because they are not relevant
for our discussion.) The field φ also appears in the solution to the equations of motion for
the auxiliary field ba,
ba =
i
2
(
Kj∂aA
j −Kj∗∂aAj∗ − 12i∂aφ
)
+
1
4
Kij∗χ
iσaχ¯
j∗ + · · · . (3.7)
(For the complete expression for ba, see Appendix B.) In addition, it appears in the superpo-
tential terms in the Einstein frame,
e−1LYukawa = −1
2
exp
(
1
2
K + 6iφ
)
Pijχ
iχj + h.c. + · · · . (3.8)
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(The complete expression for the Yukawa terms can be found in [1, 2].)
Upon inspection of Eqs. (3.6), (3.7) and (3.8), one can check that the classical component
Lagrangian can be made independent of φ by redefining χ→ e−3iφχ and λ→ e3iφλ. In fact,
the φ dependence also cancels at the quantum level. The field redefinitions used to go to
the Einstein frame are χ → e−ReΣE|+3iφχ and λ → e−3ReΣE|−3iφλ. The Jacobian from these
transformations exactly cancels the Jacobian from the redefinitions used to eliminate φ from
the component Lagrangian. Therefore the field φ is unphysical, and we can safely set it to
zero.
3.2 Supersymmetry Transformations in the Einstein Frame
In this subsection, we discuss the invariance of the classical supergravity Lagrangian in the
Einstein frame. Then, in the next subsection, we consider quantum effects, and in particular,
anomalies.
It is simple to see that the Einstein-frame Lagrangian is not invariant under the supersym-
metry transformations (2.2). Under a supersymmetry transformation, the Ka¨hler potential
transforms as δSUSYK = −ξADAK, in which case ΣE transforms to Σ′E,
Σ′E ≡ ΣE |K→K+δSUSYK = ΣE − ξADAΣE − Σξ , (3.9)
where
Σξ = − 1
6
√
2
(
ξχiKi − ξ¯χ¯i∗Ki∗
)
+ O(Θ) + O(Θ2) ≡ iφξ + O(Θ) + O(Θ2) . (3.10)
The second term on the RHS of Eq. (3.9) is the supersymmetry transformation of a normal
chiral superfield. The Σξ term is an additional super-Weyl transformation under which the
action is not invariant.
To see this explicitly, consider the supersymmetry transformation of the Einstein-frame
Lagrangian,
LE(X + δSUSYX) =
∫
d2Θ 2E
[
3
8
(
D¯2 − 8R
)
exp
{
−1
3
(
K − 6(ΣE − Σξ)− 6(Σ†E − Σ†ξ) + Γ
)}
+
1
4
HabW
(a)W (b) + exp {6(ΣE − Σξ)}P
]
+ h.c. (3.11)
Since Σξ is nonvanishing, the Lagrangian is not invariant under the supersymmetry transfor-
mation (2.2).
This lack of invariance stems from the fact that Σξ takes the Lagrangian out of the Einstein
frame. Invariance can be restored by returning to the Einstein frame through a compensating
super-Weyl transformation. This is similar to gauge invariance in globally supersymmetric
gauge theories. There, a supersymmetry transformation in the Wess-Zumino gauge must
be supplemented by a superfield gauge transformation to restore the Wess-Zumino gauge
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condition. It is instructive to consider this case in some detail because of the close analogy
to supergravity [8]. To that end, we review the supersymmetry transformations of globally
supersymmetric gauge theories in Appendix A.
For the case at hand, the compensating super-Weyl transformation has parameter Σξ.
In the Einstein frame, therefore, we define a supersymmetry transformation to include a
frame-restoring super-Weyl transformation with parameter Σξ:
δξ ≡ δSUSY + δSW . (3.12)
Under such a transformation, chiral and vector superfields transform as follows,
δξΦ = −ξADAΦ + δSWΦ , δξV = −ξADAV + δSWV , (3.13)
and analogously for the vielbein. In these expressions, the first terms on the RHS are the
original supersymmetry transformations; the second are the compensating super-Weyl trans-
formations with parameter Σξ. These transformations eliminate the Σξ in Eq. (3.11) and
restore the classical invariance of the action,
LE(X + δξX) = LE(X) . (3.14)
The transformation properties of the individual component fields can be derived by expanding
Eq. (3.13). We have checked that they agree with the transformations given in [1, 2] after
eliminating the auxiliary fields.
3.3 Quantum Consistency in the Einstein Frame
We are now ready to discuss anomalies in the supersymmetry transformations (3.12). As
we have seen, these transformations include frame-restoring super-Weyl field rescalings that
induce chiral rotations on the matter fermions,
δξχ = · · · + 3iφξ χ , δξλ = · · · − 3iφξ λ , (3.15)
where iφξ = Σξ|. At the quantum level, these transformations are anomalous, so they should
give rise to an anomalous variation of the 1PI Lagrangian,
δξL1PI = e
[
1
16π2
(3TR − 3TG)φξ F (a)mnF˜mn(a) + · · ·
]
, (3.16)
If nothing were to cancel this variation, local supersymmetry in the Einstein frame would
be anomalous. In what follows, we will show that the full 1PI effective action is, in fact,
invariant. The variation (3.16) is cancelled by the variation of the Jacobian (2.14) that arises
in passing to the Einstein frame.
In the Einstein frame, the complete 1PI effective Lagrangian is of the following form,
L1PI = LE + ∆L + LJ . (3.17)
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The first term is the classical part of the Einstein-frame Lagrangian, the second is the non-
local term induced by anomalies, and the third is the Jacobian (2.14). The first term is
invariant under the local supersymmetry transformation (3.12), as discussed in the previous
subsection. The second and third terms are not. Under the supersymmetry transforma-
tion (3.12), the nonvanishing variation of ∆L expresses the anomaly associated with the
frame-restoring super-Weyl transformation.#5 If this variation were the only change of the
Lagrangian, supersymmetry would be explicitly broken by anomalies at the quantum level.
Fortunately, however, it is not. There is also LJ, the Jacobian that arises in the Einstein
frame. This term is not invariant under (3.12). From Eq. (3.9), we have
δξΣE = −ξADAΣE − Σξ . (3.18)
The first term on the RHS is the supersymmetry transformation of a normal chiral superfield.
The second is a super-Weyl transformation of Σ. This gives
δξLJ = − 1
16π2
(3TR − 3TG)
∫
d2Θ 2E ΣξW (a)W (a) + h.c.
= e
[
− 1
16π2
(3TR − 3TG) φξ F (a)mnF˜mn(a) + · · ·
]
. (3.19)
Equation (3.19) exactly cancels the variation (3.16) and restores supersymmetry invariance
in the Einstein frame.
Thus we have seen that the Einstein-frame 1PI effective Lagrangian is invariant under
local supersymmetry transformations – provided the Jacobian (2.14) is added to the bare
Lagrangian. Otherwise, local supersymmetry is explicitly broken at the quantum level because
of the anomaly associated with the frame-restoring super-Weyl transformations. The Jacobian
(2.14) is essential for the consistency of the quantum theory. The component expression for
the Jacobian is given in Appendix B.
4 Physical Implications of the Jacobian: An Example
In this section, we show that the anomalous Jacobian LJ has physical consequences. We
illustrate this with an example of a scattering amplitude which requires the Jacobian to give
a frame-independent result.
In what follows we consider a model with a no-scale Ka¨hler potential of the form
K = −3 log
(
1− 1
3
Φ†Φ
)
. (4.1)
#5If we make the argument before integrating out the light fields, ∆L does not exist. In this case the
anomaly arises as a change of the functional measure of the path integral.
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AA*
vm vm
mnT
mnT
vm
mng
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A* A
LJ
vm vm
A* A
= +
Figure 1: Schematic picture of the amplitude calculation.
This Ka¨hler potential (4.1) is chosen for simplicity; upon substitution into the superspace
Lagrangian (2.1), it gives rise to canonically normalized scalars with a conformal coupling to
gravity,
LSUGRA =
√−g
[
−1
2
(
1− 1
3
A∗A
)
R − gmn∂mA∗∂nA + · · ·
]
, (4.2)
where we used the metric gmn instead of a vielbein. In Eq. (4.2), the subscript SUGRA
indicates that this is the supergravity-frame Lagrangian. As discussed in the previous sections,
we can use a super-Weyl transformation to pass to the Einstein frame.
In this model, we study the scattering process A∗A → vmvm via a graviton exchange,
where vm is a gauge boson and A is a massless neutral scalar field. For simplicity, we assume
that the gauge theory is pure supersymmetric Yang Mills.#6
The amplitude of this process can be written as follows (see Fig. 1)
iM(A∗A→ vmvm) = i
2
〈vm(ǫ1, p′1)vm(ǫ2, p′2)| T kl |0〉 × i∆kl,mn
× i
2
〈0| Tmn |A∗(p1)A(p2)〉
+ 〈vm(ǫ1, p′1)vm(ǫ2, p′2)| iLJ |A∗(p1)A(p2)〉 , (4.3)
where the pi denote the momenta of the scalars, while ǫi and p
′
i denote the polarizations and
momenta of the gauge bosons. Here, Tmn is the energy momentum tensor,
Tmn =
2√−g
δL
δgmn
, (4.4)
#6If the matter fields had gauge quantum numbers, the following discussion would still hold, provided we
replace 3TG by 3TG − TR.
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while ∆kl,mn is the graviton propagator, given by
∆mn,kl(q) = − 2
q2
(ηkmηln + ηknηlm − ηklηmn) , (4.5)
where ηmn is the flat-space metric. We omit the part that depends on the gauge parameter
because it does not contribute to the amplitude of interest.
For the scalars, the matrix element of the energy-momentum tensor is
〈0| Tmn |A∗(p1)A(p2)〉 = pm1 pn2 + pn1pm2 − (p1p2)ηmn +
ζ
3
(q2ηmn − qmqn) , (4.6)
where q ≡ p1 + p2, and ζ is a coefficient proportional to the coupling of the scalars to the
scalar curvature R; ζ = 1 in the supergravity frame and ζ = 0 in the Einstein frame. Note
that ζ = 1 corresponds to conformally coupled scalars; this is easy to see upon computing the
trace of Eq. (4.6) with q2 = 2p1p2.
Substituting Eqs. (4.5) and (4.6) into Eq. (4.3), we obtain the amplitude
M = 2
q2
p1kp2l〈vmvm| T kl |0〉 + ζ
6
〈vmvm|T kk |0〉+ 〈vmvm| LJ |A∗A〉
≡ M0 + ζ
6
〈vmvm| T kk |0〉 + 〈vmvm| LJ |A∗A〉 , (4.7)
where M0 is frame independent. At the classical level, with LJ absent, the amplitudes in
both frames are identical because the gauge boson energy momentum tensor is traceless.
At the quantum level, the frame independence is more subtle. First, the gauge boson
energy momentum tensor is no longer traceless. Second, there is a Jacobian in the Einstein
frame, but not the supergravity frame. To see what happens, let us consider the supergravity
frame. We take ζ = 1 and use the trace anomaly relation
T kk =
3
32π2
TG F
(a)
mnF
mn(a) , (4.8)
to find
MSUGRA = M0 + 3
192π2
TG 〈vmvm|F (a)mnFmn(a) |0〉 . (4.9)
In the Einstein frame, where ζ = 0, there is no contribution from the T kk term. However, in
this frame there is the super-Weyl Jacobian,
LJ = 1
16π2
(−3TG)
∫
d2Θ 2E ΣEW (a)W (a) + h.c.
=
3
192π2
TGA
∗AF (a)mnF
mn(a) + · · · , (4.10)
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where we have used ΣE| = 112A∗A + · · ·. With this Jacobian, the Einstein-frame matrix
element is
ME = M0 + 3
192π2
TG 〈vmvm|F (a)mnFmn(a) |0〉 , (4.11)
which is in complete agreement with the amplitude in the supergravity frame. The results in
the two frames are identical because of the super-Weyl Jacobian.
5 Summary
In this paper, we studied the quantum consistency of the supergravity Lagrangian. We used
a superspace approach in which the supergravity Lagrangian does not automatically give
canonically normalized Einstein gravity. In the literature, Einstein gravity is recovered after
a redefinition of the component fields. In this paper, we showed that the field redefinition
is, in fact, a super-Weyl transformation, and we demonstrated a systematic way to do the
field redefinition in superspace. This approach provides us with a clear understanding of
supersymmetry transformations in the Einstein frame.
Supersymmetry transformations in the Einstein frame must preserve the Einstein frame
condition, so they differ from the original supersymmetry transformations defined in the
supergravity frame. We showed that the Einstein-frame supersymmetry transformations are
ordinary supersymmetry transformations, δSUSY, combined with compensating super-Weyl
transformations, δSW, which are necessary to maintain the Einstein frame condition.
The compensating super-Weyl transformations are, at the quantum level, anomalous.
Because of this fact, one must be careful when studying the supersymmetry invariance of the
quantum effective action. In this paper we emphasized that the super-Weyl transformation
used to pass to the Einstein frame is anomalous. It gives rise to an anomalous Jacobian that
must be included in the bare Einstein-frame Lagrangian. The 1PI Einstein-frame Lagrangian
is supersymmetric because the variation of this Jacobian precisely cancels the anomaly arising
from the frame-restoring super-Weyl transformation. If the Jacobian were omitted, the 1PI
Lagrangian would not be invariant under Einstein-frame supersymmetry transformations.
Consistency demands that the Jacobian be included in the bare Einstein-frame Lagrangian.
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A Globally Supersymmetric Gauge Theories
In this Appendix, we show how the supersymmetry transformations are defined in globally
supersymmetric gauge theories. In particular, we demonstrate how the Wess-Zumino gauge
condition is maintained after supersymmetry transformations. We will see that there is a close
analogy between supersymmetry transformations in globally supersymmetric gauge theories
and supergravity transformations in the Einstein frame.
Consider a globally supersymmetric gauge theory, with the Lagrangian
L = Lgauge +
∫
d4θ Φ†eVΦ , (A.1)
where Lgauge is the kinetic term for the gauge multiplet. This Lagrangian is invariant under
the superspace supersymmetry transformations
δSUSYV = ξ
A∂AV , δSUSYΦ = ξ
A∂AΦ , (A.2)
where ξa = −iξσaθ¯ + iθσaξ¯ and ξα is the supersymmetry transformation parameter. The
component transformations can be determined by expanding (A.2) in powers of θ.
The Lagrangian (A.1) contains the lower components of V , which are gauge degrees of
freedom. Usually, it is convenient to use a Lagrangian in which these lower components are
eliminated by a gauge transformation. This “frame” is often called “the Wess-Zumino gauge;”
it is obtained by the following field redefinitions:
VWZ = V − Λ− Λ† , ΦWZ = eΛΦ , (A.3)
where Λ is a chiral superfield. The gauge parameter Λ is chosen so that all the unphysical
fields are eliminated from the Lagrangian. The conditions are
V | = Λ| + Λ†| , (DαV )| = (DαΛ)| , (D2V )| = (D2Λ)| , (A.4)
so Λ in the chiral basis is simply
Λ =
1
2
C + iφ + iθχ +
i
2
θ2(M + iN) , (A.5)
where C, χ, M + iN are the lowest, θ and θ2 components of the vector superfield V , re-
spectively. Note that the field φ is not determined by the Wess-Zumino gauge conditions;
it is the parameter of an ordinary gauge transformation. In terms of the new variables, the
Lagrangian becomes
LWZ = Lgauge +
∫
d4θ Φ†WZ e
V−Λ−Λ†ΦWZ
= Lgauge +
∫
d4θ Φ†WZ e
VWZ ΦWZ . (A.6)
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The Wess-Zumino gauge Lagrangian LWZ contains only the physical fields.
The Wess-Zumino gauge conditions, however, are not preserved by the supersymmetry
transformations (A.2). They must be supplemented by compensating superfield gauge trans-
formations,
δξVWZ = ξ
A∂AVWZ + Λξ , δξΦWZ = ξ
A∂AΦWZ + ΛξΦWZ , (A.7)
where, in the chiral basis,
Λξ = θσ
mξ¯ (−2vm + 2∂mφ) + θ2ξ¯λ¯ . (A.8)
Here vm and λ are the gauge boson and gaugino fields, respectively.
The transformations (A.7) are combinations of the original supersymmetry transforma-
tions (A.2) and the frame-restoring gauge transformations. They leave invariant the Wess-
Zumino-gauge Lagrangian. Furthermore, if we expand the LHS of (A.7) in powers of θ, we ob-
tain the Wess-Zumino-gauge supersymmetry transformations given, for example, in [2]. Note
that in Wess-Zumino gauge, a theory with a gauge anomaly would also have a supersymmetry
anomaly because the transformations (A.2) contain ordinary gauge transformations.
Finally, we comment on the difference between (A.8) and (3.10), that is, on the different
way we treat the imaginary part of the lowest component of the compensating transformation
parameters. In each case, the term is not determined by the Wess-Zumino gauge/Einstein
frame conditions. In globally supersymmetric gauge theory, we choose not to fix φξ in Λξ|; it
is the degree for freedom associated with an ordinary gauge transformation. By contrast, in
supergravity, we completely fix it and demand that the imaginary part of ΣE| vanish. The
first term in (3.10) ensures that the imaginary part of ΣE| does not reappear in the Lagrangian
after a supersymmetry transformation.
B Component Expression for the Jacobian
In this Appendix, we present the complete component expression for the Jacobian that arises
from the super-Weyl transformation required to pass to the Einstein frame.
As we have seen in this paper, the bare Lagrangian in Einstein-frame supergravity is given
by
Lˆbare = LE + LJ (B.1)
where LE is the classical supergravity Lagrangian whose component expression is given, for
example, in [1, 2]. LJ is the Jacobian. At one-loop level, LJ is given by
LJ = 1
16π2
(3TR − 3TG)
∫
d2Θ 2E ΣEW (a)W (a) + h.c. , (B.2)
where the chiral superfield ΣE is given in Eqs. (3.4) and (3.5) with φ = 0,
ΣE = AΣ +
√
2ΘχΣ + Θ
2FΣ , (B.3)
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with
AΣ =
1
12
K , χΣ =
1
6
Kiχ
i , FΣ =
1
6
KiF
i − 1
12
Kijχ
iχj . (B.4)
Expanding Eq. (B.2), we obtain
e−1LJ = 1
16π2
(3TR − 3TG)
[
− AΣF (a)mnFmn(a)
− 2iAΣλ(a)σm
(
Dmλ¯(a) − fabcv(b)m λ¯(c) +
i
2
bmλ¯
(a)
)
− 2iAΣλ¯(a)σ¯m
(
Dmλ(a) − fabcv(b)m λ(c) −
i
2
bmλ
(a)
)
+ 2AΣDaux
(a)Daux
(a)
+ iAΣ
(
ψmσ
klσmλ¯(a) + ψ¯mσ¯
klσ¯mλ(a)
) (
F
(a)
kl + Fˆ
(a)
kl
)
−
√
2
(
χΣσ
mnλ(a) + χ¯Σσ¯
mnλ¯(a)
)
F (a)mn
+
√
2i
(
χΣσ
mnλ(a)ψmσnλ¯
(a) +
1
4
ψ¯mσ¯
mχΣλ
(a)λ(a)
)
+
√
2i
(
χ¯Σσ¯
mnλ¯(a)ψ¯mσ¯nλ
(a) +
1
4
ψmσ
mχ¯Σλ¯
(a)λ¯(a)
)
+
√
2i
(
χΣλ
(a) − χ¯Σλ¯(a)
)
Daux
(a)
− FΣλ(a)λ(a) − F ∗Σλ¯(a)λ¯(a)
]
(B.5)
where Fˆ (a)mn is the supercovariant field strength,
Fˆ (a)mn = F
(a)
mn −
i
2
(
ψmσnλ¯
(a) + ψ¯mσ¯nλ
(a) − ψnσmλ¯(a) − ψ¯nσ¯mλ(a)
)
. (B.6)
For a detailed explanation of the notation, see [2].
The full component expression is given by substituting the solutions to the Einstein-frame
auxiliary field equations of motion,
F i = (K−1)ij
∗
(
−eK/2Dj∗P ∗ + 1
2
Kj∗klχ
kχl +
1
4
∂j∗h(ab)λ¯
(a)λ¯(b)
)
Daux
(a) = −hR(ab)−1
[
D(b) +
i
2
√
2
(
∂ih(bc)χ
iλ(c) − ∂i∗h(bc)χ¯iλ¯(c)
)]
bm =
i
2
(
KiD˜mAi −Ki∗D˜mA∗i
)
+
1
4
Kij∗χ
iσmχ¯
j
− 3
4
hR(ab)λ
(a)σmλ¯
(b) + i
[
1
2
(
KiX
i(a) −Ki∗X∗i(a)
)
+ iD(a)
]
v(a)m , (B.7)
where DiP ≡ Pi + KiP , X(a) is the Killing vector, D(a) is the Killing potential associated
with X(a), and D˜mAi ≡ DmAi − v(a)m X i(a) [2].
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